Abstract. Let C be a smooth geometrically integral curve over a number field k with function field K = k(C). We show that K can be equipped with a natural set V of discrete valuations such that for a given n 5, the set of K-isomorphism classes of spinor groups G = Spin n (q) of nondegenerate quadratic forms in n variable that have good reduction at all v ∈ V is finite. This result entails some other finiteness properties, such as the finiteness of the genus gen K (G) and the properness of the global-to-local map in Galois cohomology. The proof relies on the finiteness of the unramified cohomology groups H i (K, µ2)V for i 1 established in the paper. The results for spinor groups are then extended to the special unitary groups of hermitian forms over quadratic extensions of the base field and to groups of type G2.
Introduction
Let K be a finitely generated field. The purpose of this paper is to present new results in the framework of the following general problem: (*) (When) can one equip K with a natural set V of discrete valuations such that for a given absolutely almost simple simply connected algebraic K-group G, the set of K-isomorphism classes of (inner) K-forms of G having good reduction at all v ∈ V (resp., at all v ∈ V \ S where S ⊂ V is an arbitrary finite subset) is finite?
The existence of such a set V has a number of important consequences: the finiteness of the genus gen K (G) defined as the set of isomorphism classes of the K-forms G ′ of G having the same isomorphism classes of maximal K-tori as G, the properness of the global-to-local map
for the Galois cohomology of the corresponding adjoint group G, as well as the truth of the finiteness conjecture in the study of eigenvalue rigidity of Zariski-dense subgroups (cf. [7] , [9] , [39] ). One can specialize the general question to groups of a certain type (obviously, it is enough to consider the case of a K-quasi-split group G), to some classes of fields (e.g., function fields of curves defined over number fields), and in particular assume if necessary that the characteristic of K is "good" for the the type of groups at hand. The consideration of K-forms with good reduction can be traced back to the work of G. Harder [22] , J.-L. Colliot-Thélène and J.-J. Sansuc [13] , and B. Gross [21] . We note that in [22] , the focus was primarily on a number field K. In this case, combining the well-known results about the properness of the global-to-local map for the Galois cohomology of algebraic groups [45, Ch. III, 4.6] with the fact that an absolutely almost simple algebraic group with good reduction over a p-adic field is necessarily quasi-split, one can see that a set V consisting of almost all nonarchimedean places of K satisfies (*) -see [21] , [15] for more precise results over K = Q, and also [25] . More generally, one can present a given finitely generated field K as the function field of a geometrically integral regular scheme X of finite type over Z or F p , and consider the set V of discrete valuations of K associated with the prime divisors on X (we will refer to such sets as "divisorial"). It is known that for any n > 1 prime to the characteristic of K, the n-torsion n Br(K) V in the corresponding unramified Brauer group is finite and its order can be estimated for some special V (cf. [8] ). This implies the truth of (*) for such a V and for all inner forms of type A ℓ provided that (char K, ℓ + 1) = 1. So, a more concrete version of (*) is whether for such a V the finiteness of the number of K-isomorphism classes holds in fact for groups of all types. The results of the current paper provide the affirmative answer for 1 spinor groups of quadratic forms over function fields of curves over number (and other) fields with an explicitly described V used earlier in [8] .
More precisely, let C be a smooth geometrically integral (quasi-projective) curve over a number field k with function field K = k(C), and denote by V 0 the set of discrete valuations of K associated to the closed points of C. Furthermore, pick a finite subset S of the set V k of all valuations of k that contains all archimedean places and all places of bad reduction for a certain model of C. Then every v ∈ V k \ S has a canonical extension to a discrete valuationṽ of K. We set V 1 = {ṽ | v ∈ V k \ S }, and as in [8] consider V = V 0 ∪ V 1 . Theorem 1.1. Fix an integer n 5, and let V be the set of places of K = k(C) described above. Then the set of K-isomorphism classes of spinor groups G = Spin n (q) of nondegenerate quadratic forms in n variables over K that have good reduction at all v ∈ V is finite.
We would now like to indicate a few consequences of the theorem. The first one yields the finiteness of the genus in some new cases. We recall that given an absolutely almost simple simply connected algebraic K-group G, its genus gen K (G) is defined to be the set of K-isomorphism classes of Kforms G ′ of G that have the same isomorphism classes of maximal K-tori as G (the latter means that every maximal K-torus T of G is K-isomorphic to some maximal K-torus T ′ of G ′ , and vice versa). It was proved in [37, Theorem 7.5 ] that if K is a number field, then gen K (G) is finite for any G. Furthermore, the finiteness of the n-torsion subgroup n Br(K) V of the unramified Brauer group of a finitely generated field K with respect to a divisorial set of places V implies the finiteness of gen K (G) for any inner form G of type A ℓ over such a K provided that (char K, ℓ + 1) = 1 -see [6] . Using the connection between the genus and good reduction (see [9, Theorem 5] ), one derives the following from Theorem 1.1. Theorem 1.2. Let k be a number field and K = k(C), where C is a smooth geometrically integral curve over k, and let G = Spin n (q), where q is a n-dimensional nondegenerate quadratic form over K. If either n 5 is odd or n 10 is even and q is K-isotropic, then gen K (G) is finite.
(In fact, we prove that the number of K-isomorphism classes of spinor groups G ′ = Spin n (q ′ ) of nondegenerate n-dimensional quadratic forms q ′ over K that have the same isomorphism classes of maximal K-tori as G is finite for any n 5 -see Theorem 4.2.)
Another application deals with the global-to-local map in Galois cohomology. Namely, the techniques developed to prove Theorem 1.1 also yield the following. Theorem 1.3. Notations as in Theorem 1.1, for G = SO n (q) the map H 1 (K, G) → v∈V H 1 (K v , G) is proper, i.e. the pre-image of a finite set is finite. Theorem 1.1 will be derived from a more general Theorem 2.1 (see §3) that applies also to fields that are not necessarily finitely generated. Among such fields that have received a great deal of attention in recent years are the function fields of p-adic curves; for results involving quadratic forms, division algebras, and algebraic groups over these fields the reader is referred to [5] , [12] , [33] , [34] and the references therein. In this regard, we would like to point out a finiteness result for spinor groups with good reduction over function fields of curves over a class of fields that contains all p-adic fields but is in fact much larger. We will formulate it using a generalization of Serre's condition (F) (see [45, Ch. III, §4]) offered in [41] . Let K be a field and m 1 an integer prime to char K. We then introduce the following condition on K:
is finite for every finite separable extension L/K, then the same is true for any finite extension of K -see [41, Lemma 2.8] ). Combining Theorem 2.1 with the results on the finiteness of unramified cohomology with µ m -coefficients over fields satisfying (F ′ m ) [41] , we obtain the following. Theorem 1.4. Let C be a smooth geometrically integral curve over a field k of characteristic = 2 that satisfies condition (F ′ 2 ), and let K = k(C). Denote by V the set of discrete valuations of K corresponding to the closed points of C. Then the number of K-isomorphism classes of spinor groups G = Spin n (q) of nondegenerate quadratic forms q over K in n 5 variables that have good reduction at all v ∈ V is finite.
Theorem 1.4 is likely to extend to absolutely almost simple simply connected groups of all types over function fields of curves when the base field k satisfies condition (F) -see Conjecture 6.3. In this regard, we observe that in § §7-8 we extend the above results for spinor groups to the special unitary groups of hermitian forms over quadratic extensions of the base field and to groups of type G 2 (for the same fields K and the same sets of valuations V ).
The paper is organized as follows. In §2, we develop some formalism involving the Picard group associated with a set of discrete valuations and then use it to formulate a general result (Theorem 2.1) that reduces the proof of the finiteness of the set of isomorphism classes of spinor groups having good reduction to the finiteness of appropriate unramified cohomology groups. We prove Theorem 2.1 in §3 and discuss an application of our method to the properness of the global-to-local map in Galois cohomology. In §4, we derive Theorem 1.1 from Theorem 2.1 and also prove Theorem 4.2. We show, in particular, that in degrees 4, the finiteness of the unramified cohomology of function fields of curves over number fields needed for the proof of Theorem 1.1 follows easily from the results of Poitou-Tate. Finiteness of unramified cohomology in degree 3 is a more delicate problem, and in §5, we prove a new result on the finiteness of unramified H 3 of function fields of affine curves over number fields. In §6, we discuss fields of type (F ′ m ) and prove Theorem 1.4. Finally, in § §7-8, we present finiteness results for special unitary groups and groups of type G 2 .
Notations and conventions. For a field k, we will denote byk a fixed separable closure. If v is a discrete valuation of k, we set k v and k (v) to be the completion and the residue field of k at v, respectively. We recall that a Gal(k/k)-module M is said to be unramified at v if for some (equivalently, any) extension w of v tok, the inertia subgroup of the decomposition group Dec w ⊂ Gal(k/k) acts trivially on M. Also, if G is an absolutely almost simple linear algebraic group defined over k, we will say that G has good reduction at v if there exists a reductive group scheme G over the valuation ring
We will follow the conventions outlined in [18, Ch. II, §7.8] regarding Tate twists of Galois modules. Namely, suppose v is a discrete valuation of k, n is an integer prime to char k (v) , and M is a finite Gal(k/k)-module satisfying nM = 0. For an integer d, one defines
In particular, M (−1) = Hom(µ n , M ). In the case where M is torsion (but not necessarily finite) without any elements of order equal to the residue characteristic, one writes
′ , where M ′ are the finite submodules of M , and sets
Finally, we recall that if n is an integer prime to char k, then isomorphism k × /k × n ≃ H 1 (k, µ n ) from Kummer theory is induced by sending an element a ∈ k × to the cohomology class of the 1-cocycle
When n = 2, we will denote this cocycle simply by χ a .
The Picard group associated with a set of discrete valuations
Suppose that a field K is equipped with a set V of discrete valuations that satisfies the following condition (A) For any a ∈ K × , the set V (a) := {v ∈ V | v(a) = 0} is finite.
We let Div(V ) denote the free abelian group on the set V , the elements of which will be called "divisors." The fact that V satisfies (A) enables one to associate to any a ∈ K × the corresponding "principal divisor"
Let P(V ) denote the subgroup of Div(V ) formed by all principal divisors. We call the quotient Div(V )/P(V ) the Picard group of V and denote it by Pic(V ).
Next, we recall (cf. [18, Ch. II] ) that for a discrete valuation v of a field K and a finite Galois module M which is unramified at v and whose order is prime to char K (v) , one has a residue map
In particular, for every n prime to char K (v) and every d we have the residue map
An element of H i (K, M ) (in particular, of H i (K, µ ⊗d n )) is said to be unramified if it lies in the kernel of the relevant residue map.
In this section, we will only consider cohomology with coefficients in µ 2 = {±1}. Then for a discrete valuation v of K, the corresponding residue map is defined whenever charK (v) = 2 and will be denoted by
We now make the following assumption
We then define the ith unramified cohomology group of K with respect to V by
With these notations, we have Theorem 2.1. Let K be a field equipped with a set V of discrete valuations satisfying conditions (A) and (B), and let n 5 be an integer. Assume that (1) the quotient Pic(V )/2 · Pic(V ) is finite; and (2) the unramified cohomology groups H i (K, µ 2 ) V are finite for all i = 1, . . . , ℓ := [log 2 n] + 1. Then the number of K-isomorphism classes of spinor groups G = Spin n (q) of nondegenerate quadratic forms q over K in n variables that have good reduction at all v ∈ V is
We will postpone the proof of Theorem 2.1 until the next section, and recall now the connection between Pic(V ) and the ideles, which is well-known in the classical setting (cf. [1, Ch. II, §17]). Given a field K endowed with a set V of discrete valuations that satisfies (A), we define the group of ideles I(K, V ) as the restricted direct product of the multiplicative groups K × v for v ∈ V with respect to the groups of units
Furthermore, we let
be the subgroup of integral ideles. Since V satisfies (A), one has the diagonal embedding K × ֒→ I(K, V ), the image of which will be called the group of principal ideles and denoted also by K × . Then
is a surjective group homomorphism with kernel ker ν = I 0 (K, V ). Thus, we obtain the following. 
as required. Now, let F be a field complete with respect to a discrete valuation v such that the characteristic of the residue field F (v) is = 2. We let U (F ) denote the group of units in F , and fix a uniformizer π. Then there are the first and second residue maps
which are group homomorphisms uniquely characterized by the conditions
for any u ∈ U (F ) (whereū denote the image of u in F (v) ) (see [29, Ch. VI, §1] for the details). Let W 0 (F ) be the subring of W (F ) generated by the classes of u for u ∈ U (F ). Then W 0 (F ) = Ker ∂ 2 , while ∂ 1 yields an isomorphism between W 0 (F ) and W (F (v) ) and between I 0 (F ) := W 0 (F ) ∩ I(F ) and I(F (v) ).
Proof. The statement is part of [16, Exercise 19 .15]; we give the details for the sake of completeness. First, we observe that for any units u 1 , . . . , u r we have
where
Tensoring the left-hand side of (1) with 1, w 1 ⊗ · · · ⊗ 1, w s where w 1 , . . . w s ∈ U (F ), we obtain that any d-fold Pfister form q over F has a decomposition similar to (1), i.e.
(2) q = q (1) ⊥ πq (2) where [q (1) ], [q (2) ] ∈ W 0 (F ) and [q (1) 
i . Then x = [q (1) ] + [πq (2) ] where
ℓ . We note that [q (1) ], [q (2) ] ∈ W 0 (F ) and (3) [
, and then in view of (3) we have
as required.
2. The Milnor isomorphism and unramified classes. Let again F be a field of characteristic = 2. It is a consequence of Voevodsky's proof of the Milnor conjecture (see [32] , [46] , [47] ) that for d 1, there are natural isomorphisms of abelian groups
Explicitly, γ F,d is defined by sending the class of the Pfister form a 1 , . . . , a d to the cup-product χ a 1 ∪ · · · ∪ χ a d , where for a ∈ F × , we let χ a be the corresponding 1-cocycle given by Kummer theory.
Lemma 3.3. Let F be a field complete with respect to a discrete valuation v such that char F (v) = 2, and let d 1. If q is a nondegenerate quadratic form over
Proof. It immediately follows from Lemma 3.
, which is additively generated by the classes of Pfister forms a 1 , . . . , a d with a i ∈ U (F ). But for any such form, the corresponding class
is clearly unramified, and our claim follows.
3. Proof of Theorem 2.1. Let {q i } i∈I be a family of n-dimensional nondegenerate quadratic forms over K such that
• for each i ∈ I, the spinor group G i = Spin n (q i ) has good reduction at all v ∈ V ; and • for i, j ∈ I, i = j, the forms q i and q j are not similar (i.e., q i is not equivalent to any nonzero scalar multiple of q j ).
We wish to show that I is finite and
We begin by observing that the first of the above conditions implies that for each i ∈ I and any v ∈ V , there exists λ
in the above notations. In addition, we may assume without loss of generality that for each i ∈ I, we have λ
So, there exists a subset J 0 ⊂ I of size |I|/d 0 (if I is infinite then this simply means that J 0 is also infinite) such that all λ (i) 's for i ∈ J 0 have the same image in
(assuming that the elements α (j 0 ) , β (j 0 ) and δ (j 0 ) are all trivial), and then set
We note that the formsq j for j ∈ J 0 remain pairwise non-similar, in particular, inequivalent. Furthermore, for any v ∈ V we haveλ
Then for any v ∈ V , the form
Then one can find a subset
using which one shows that for each v ∈ V the class of the formλ
Then there exists a subset
have the same image under γ K,2 . Consequently, fixing j 2 ∈ J 2 , we will have [
Proceeding inductively, we construct nested sequence of subsets
for any m = 1, . . . , ℓ. However, according to [29, Ch. X, Hauptsatz 5.1], the dimension of any positive-dimensional anisotropic form in I(K) ℓ+1 is 2 ℓ+1 > 2 log 2 n+1 = 2n. So, the fact that
implies that the formq j ⊥ (−q j ℓ ) is hyperbolic, and consequentlyq j andq j ℓ are equivalent. Since j ∈ J ℓ was arbitrary and the formsq j for j ∈ J ℓ are pairwise inequivalent, we see that J ℓ actually reduces to a single element. Then the inequality in (a) yields the required estimation (4).
4. Another application of the method. The method developed to prove Theorem 2.1 can be used in various situations. Here we would like to indicate one application to the analysis of the global-to-local map in Galois cohomology.
Theorem 3.4. Let K be a field equipped with a set V of discrete valuations satisfying conditions (A) and (B), and let n 5 be an integer. Assume that ( * ) for each i = 1, . . . , [log 2 n] + 1 = ℓ, the kernel Ω i of the diagonal map
is finite of order ω i .
Then for a nondegenerate n-dimensional quadratic form q over K and the diagonal map
In particular, π is a proper map.
Proof. Let π −1 (π(h)) = {h i } i∈I , and let q i be the quadratic form obtained from q by twisting using h i . It is well-known that the K-equivalence classes of nondegenerate n-dimensional quadratic forms over K are in a natural bijective correspondence with the elements of H 1 (K, O n (q)). Since the map
, the forms q i for i ∈ I are pairwise inequivalent. On the other hand, by our construction, the form q i for any i ∈ I is equivalent over K v to the form q 0 obtained from q by twisting using h, for any v ∈ V . Thus, for any i, j ∈ I, the class
So, using the compatibility of the map γ F,d with base change, we conclude that if
We now proceed as in the proof of Theorem 2.1. Fix j 0 ∈ I. Then there exists a subset
for any m = 1, . . . , ℓ. As in the proof of Theorem 2.1, we see that the fact that [
implies that q j and q j ℓ are actually equivalent. This means that J ℓ reduces to a single element, and then the inequality in (a ′ ) yields the required estimation.
4. Proof of Theorem 1.1
1. The proof. According to Theorem 2.1, it is enough to establish the finiteness of the quotient Pic(V )/2 · Pic(V ) and of the unramified cohomology groups H i (K, µ 2 ) V for all i 1. It follows from results of B. Kahn [26] that the group Pic(V ) is finitely generated in our situation, so the finiteness of Pic(V )/2 · Pic(V ) follows immediately. We also get that the 2-torsion subgroup 2 Pic(C) is finite. Combining this with the fact that the group of V -units
finitely generated (cf. [43] ) and applying [8, Proposition 5.1(a)], we obtain that [8] . The finiteness of H 3 (K, µ 2 ) V is a new result which we will prove in §5 -see Corollary 5.2 of the more general Theorem 5.1. We will now show that the finiteness of H i (K, µ 2 ) V for i 4 easily follows from the results of Poitou-Tate (cf. [45, Ch. II, 6.3]), which will complete the proof of Theorem 1.1.
Proposition 4.1. Let C be a smooth (but not necessarily projective) geometrically connected curve over a number field k, and K = k(C). Then for i 4, the groups H i (K, µ 2 ) V 0 , where V 0 is the set of geometric places of K associated with the closed points of C, are finite.
For the proof of the proposition, we first need to review the exact sequence for the etale cohomology of a curve, which will also be used in §5. 2. The fundamental exact sequence. Let C be a geometrically integral smooth affine curve over an arbitrary field k, and let n 2 be an integer prime to char k. Then for any integer d, we consider the Hochschild-Serre spectral sequence in etale cohomology
Since C is affine, we have H p (C ⊗ kk , µ ⊗d n ) = 0 for p 2 (cf. [17, Lemma 65.3] , [30, Ch. V, §2]). So, for each ℓ 1, the spectral sequence yields the following short exact sequence:
. Furthermore, let V 0 denote the set of places of K = k(C) associated with the closed points of C. Then, since n is prime to char k, it follows from the Bloch-Ogus spectral sequence (see [4] , [11] , [24] ) that for each ℓ 1, the natural map
(This is a consequence of the fact that the E 2 -terms in the Bloch-Ogus spectral sequence satisfy E p,q 2 = 0 for all p > dim C = 1 and all q, while E 0,q
⊗d n ) whereη = SpecK. It follows that we have the following equality for the Tate twist
3. Proof of Proposition 4.1. We may assume that C is affine. Then, it is enough to show that H i (C, µ ⊗d n ) is finite for all i 4. According to Poitou-Tate, for a number field k and any finite Galois module M , the natural homomorphism
where V k ∞ is the set of all real places of k, is an isomorphism for any i 3 (see [45, Ch. II, 6.3, Theorem B]); in particular, the group H i (k, M ) is finite. Since H 1 (C ⊗ kk , µ ⊗d n ) is finite by [2, Exposé XVI, Théorème 5.2], it follows that the left-most and the right-most terms in the exact sequence (5) are finite. So, the middle term is also finite for all i 4, as required.
4. The finiteness of genus. Theorem 1.2 will be derived from the following result.
, where C is a smooth geometrically integral curve over a number field k, and let G = Spin n (q), where q is a nondegenerate quadratic form over K of dimension n 5. Then the number of K-isomorphism classes of the spinor groups G ′ = Spin n (q ′ ) of nondegenerate n-dimensional quadratic forms q ′ over K that have the same isomorphism classes of maximal K-tori as G, is finite.
To prove Theorem 4.2, we need the following general statement.
Theorem 4.3. ([9, Theorem 5])
Let G be an absolutely almost simple simply connected algebraic group over a field K, and let v be a discrete valuation of K. Assume that the residue field K (v) is finitely generated and that G has good reduction
Replacing C with an open subset, we may assume that G has smooth reduction at every place of K associated to a closed point of C, and we let V 0 denote the set of all such places. Next, we can pick a finite subset S ⊂ V k containing all archimedean places and a model C of C over the ring of S-integers O k,S so that C has smooth reduction at all v ∈ V k \ S. Then every such v has a canonical extensioñ v to K (defined by C), and we set V 1 = {ṽ | v ∈ V k \ S}. Enlarging S if necessary, we may assume without loss of generality that G has smooth reduction at all v ∈ V 1 . Set V = V 0 ∪ V 1 . It follows from Theorem 4.3 that every G ′ ∈ gen K (G) has smooth reduction at all v ∈ V . Now, the finiteness of gen K (G) directly follows from Theorem 1.1. Now, Theorem 1.2 for quadratic forms of odd dimension immediately follows from Theorem 4.2.
To consider the case of isotropic quadratic forms of even dimension, we need to combine the latter with part (a) of the following proposition, which implies that any group in gen K (G) is of the form Spin n (q ′ ).
Proposition 4.4. Let K be an infinite finitely generated field, G = Spin n (q) where q is a nondegenerate quadratic form over K of even dimension n 10, and H = SU m (D, h) (universal cover) where D is a central division algebra over K of degree d 1 with an orthogonal involution τ and h is a nondegenerate m-dimensional τ -hermitian form.
(Note that d is a power of 2.)
We will first establish one general fact that involves the notion of generic tori, which we will now recall for the reader's convenience. Let G be a semi-simple algebraic group over a field K. Fix a maximal torus T of G, and let Φ(G, T) and W (G, T) denote the corresponding root system and the Weyl group. The natural action of the absolute Galois group Gal(K sep /K), where K sep is a fixed separable closure of K, on the character group X(T) of T gives rise to a group homomorphism
that factors through the Galois group Gal( Proof. We begin with the following lemma. Proof. Let χ 0 = 1, χ 1 , −χ 1 , . . . , χ t , −χ t be all the weights for the action of S on W = D m , and denote by W χ the weight subspace corresponding to the character χ of S. Set
Then W has the following orthogonal decomposition
so that m i r m/2 and dim D W i = 2m i . Then
where F 0 = SU m 0 (D, h|W 0 ) and F i for i > 0 is the stabilizer of the subspaces W χ i and W −χ i in SU 2m i (D, h|W i ). Since m i 1 and t > 0 as S is nontrivial, we see that m 0 m − 2, and therefore F 0 is of type D ℓ with ℓ = dm 0 /2 d(m − 2)/2 (obviously, not a triality form). Furthermore, for i > 0, the group F i is isomorphic to GL(W χ i ) (or GL(W −χ i )). So, its semi-simple part is SL(W χ i ) which is an inner form of type A ℓ−1 with ℓ = dm i dr.
We will now complete the proof of Proposition 4.5. Assume the contrary, i.e. H contains a maximal K-torus T = T 1 T 2 as on the proposition. Applying the lemma to S = T 1 , we obtain that
where S 0 is the central torus of C H (T 1 ) and the H i 's are semisimple K-groups of the types specified in the lemma. Clearly, T ⊂ S 0 as otherwise H would be quasi-split over K, which it is not because d > 1. Since T 1 ⊂ S 0 , we conclude that T 2 ⊂ S 0 . It follows that there exists i ∈ {1, . . . , s} such that
This means that for the quotient map π i :
|Gal(L/K)| 2 n/2−2 · (n/2 − 1)!. Now, assume that H i is an inner form of type A ℓ−1 with ℓ dr. Since r m/2, we obtain
Comparing with (7), we obtain the inequality 2 n/2−2 n/2, which fails for all n 10.
Since it is not a triality form when ℓ = 4, we have
So, comparing with (7), we obtain the inequality 2 n/2−2 · (n/2 − 1)! 2 n/2−2 · (n/2 − 2)! which never holds for n 6. Thus, the assumption that H contains a maximal K-torus T = T 1 T 2 leads to a contradiction in both cases, proving our claim.
Proof of Proposition 4.4. (a) Write q = q 1 ⊥ q 2 , where q 1 is a 2-dimensional hyperbolic form. Then T 1 = Spin 2 (q 1 ) is a 1-dimensional split torus G m . Since K is infinite and finitely generated, we can find a maximal K-torus T 2 of Spin n−2 (q 2 ) that is generic over K (cf. [36] , [38] ). Consider the maximal K-torus T = T 1 T 2 of G. Then it follows from Proposition 4.5 that T is not isomorphic to a maximal
If L = K then our claim follows from part (a). So, we may assume that L is a quadratic extension of K.
L/K (G m ). Furthermore, let T 2 be a maximal K-torus of Spin n−2 (q 2 ) that is generic over L (cf. [36] , [38] ). Then the maximal K-torus T = T 1 T 2 is not isomorphic to a maximal K-torus of H. Indeed, assume the contrary, i.e. T ⊂ H. Note that over L, the torus T is an almost direct product T ′ 1 T ′ 2 where T ′ 1 is a 1-dimensional split torus and T ′ 2 is isomorphic to a generic torus in a group of type D n/2−1 . At the same time,
Remark 4.7. To complete the proof of Theorem 1.2 for all even-dimensional form, it would be sufficient to demonstrate that gen K (G) cannot contain a group of the form H = SU m (D, h) where D is a central quaternion division algebra over K. The above argument shows that this boils down to proving that for any quaternion division algebra D over K, the given quadratic form q contains a binary subform q 1 = a 1 , a 2 such that the field K( √ −a 1 a 2 ) does not split D, which seems very likely at least when the dimension of q is sufficiently large (note that those d ∈ K × \ K × 2 for which K( √ d) ֒→ D must be represented by the ternary quadratic form associated with D).
5. Properness of the global-to-local map. Let K = k(C) be the function field of a smooth geometrically integral curve C over a number field k, and let V be a set of discrete valuations of K as in Theorem 1.1.
Theorem 4.8. Let q be a nondegenerate quadratic form over K of dimension n 5. Then the global-to-local map
is proper.
Clearly, the kernel of the map
is contained in the unramified cohomology H i (K, µ 2 ) V , hence is finite -see §4.1. So, the result follows from Theorem 3.4.
Remark 4.9. The following implication for the properness of the global-to-local map in Galois cohomology is true in the general case: Let G be an absolutely almost simple simply connected algebraic group over a field K, and let V be a set of discrete valuations of K that satisfies condition (A). Assume that for any finite subset V 0 ⊂ V , the set of K-isomorphism classes of inner K-forms of G having good reduction at all v ∈ V \ V 0 , is finite. Then for the corresponding adjoint group G, the map
is proper, see [7] , [39] . In our situation, this means that for n odd, Theorem 4.8 directly follows from Theorem 1.1. On the other hand, since Theorem 1.1 gives the finiteness only of the set of K-isomorphism classes of K-forms of G = Spin n (q) having good reduction at all v ∈ V which are themselves the spinor groups of quadratic forms, it does not automatically imply the properness of the global-to-local map for G = PSO n (q) for n even. In this case, however, Theorem 4.8 does give the required properness for the group SO n (q).
The finiteness of unramified H 3 for affine curves over number fields
Our goal is to prove the following.
Theorem 5.1. Let K = k(C) be the function field of a smooth affine geometrically integral curve C over a number field k, fix an integer n 1, and let V = V 0 ∪ V 1 be the set of places of K defined as above, where we assume moreover that S contains all divisors of n. Then the unramified cohomology group H 3 (K, µ ⊗2 n ) V is finite. Corollary 5.2. In the above notations, the group H 3 (K, µ 2 ) V is finite.
It should be noted that if C is a smooth projective geometrically integral curve over a number field k, and V 0 is the set of places of the field K = k( C) associated to all closed points of C, then already the group H 3 (K, µ ⊗2 n ) V 0 is finite. For this one needs to combine two rather involved results. First, Kato [27] and Jannsen [23] showed that the natural map
where 
, where V 0 (v) is the set of places corresponding to the closed points of C v , vanishes whenever v is nonarchimedean and C has good reduction at v. Since the groups
are finite for all v (cf. Theorem 6.1 below), the required finiteness follows. This result, however, does not immediately imply the finiteness of H 3 (K, µ ⊗2 n ) V when V = V 0 ∪ V 1 as above, but V 0 is the set of places associated to the closed points of an affine curve C. More precisely, in order to transition from a projective to an affine curve, we would need to show that the removal of finitely many elements from a set of places for which the unramified H 3 is known to be finite does not affect its finiteness. This property would also be helpful for applications like the finiteness of genus -see Theorem 1.2 and its proof. However, the question of whether this property actually holds remains wide open in the general case. While Theorem 5.1 does justify it for curves over number fields, the proof is not geared explicitly towards first proving and then using it. In fact, our argument is independent of Kato's results, but we do use a modification of Jannsen's approach.
We begin by developing some formalism that applies in a more general situation.
2. Two injectivity results. Let C be a smooth geometrically integral curve over an arbitrary field k and let p be a prime = char k. Then for any n m, we have the following commutative diagram of etale sheaves on C
where [p ℓ ] denotes the morphism x → x p ℓ . Passing to cohomology, we get the following commutative diagram
where [p ℓ ] denotes multiplication by p ℓ . We now use the following elementary statement.
Lemma 5.3. Let A be an abelian group, and p be a prime. Consider the family of abelian groups A/p n A for n 1 with morphisms π m n : A/p m A → A/p n A for n m given by π m n (a + p m A) = p n−m a + p n A. Then the direct limit lim
this map is well-defined. Furthermore, for n m we have
so the λ m 's assemble into a (surjective) homomorphism
To construct the inverse map, we start with a map
and check that this map is well-defined and bilinear. This yields a homomorphism
which is easily seen to be the inverse of λ.
As usual, for an abelian group A and n ∈ N, we write n A = {a ∈ A | na = 0}. Furthermore, for a prime p, we write p ∞ A = {a ∈ A | p n a = 0 for some n 1}. If p = char k, then we set
Taking the direct limits of the diagrams (8) over all n m and using Lemma 5.3, we obtain the following exact sequence
which leads to our first injectivity result.
In particular, if k is a finite field, then Pic(C) is finite, and we obtain the following.
Corollary 5.5. If k is a finite field, then for any prime p = char k, the canonical map
is injective.
The second injectivity result that we need is the following (known) consequence of the truth of the Bloch-Kato conjecture.
Lemma 5.6. Let p be a prime = char k. Then for all n 1, the map
induced by the natural embedding µ
Proof. Consider the exact sequence
and let
be the corresponding exact sequence in Galois cohomology. Then it is enough to show that
But this easily follows from the Bloch-Kato conjecture. Indeed, for any m 1 and any a ∈ k × , we denote by χ p m ,a the associated 1-cocycle given by Kummer theory, as well as, by abuse of notation, the corresponding cohomology class in H 1 (k, Q p /Z p (1)). The truth of the Bloch-Kato conjecture implies that
) is generated by the cup products χ p m ,a 1 ∪ · · · ∪ χ p m ,a ℓ−1 for all m 1 and all a 1 , . . . , a ℓ−1 ∈ k × . Since p n · χ p m+n ,a = χ p m ,a for any a ∈ k × , the required equality (10) follows.
Remark 5.7. We will use the lemma only for ℓ = 3, in which case the Merkurjev-Suslin theorem is sufficient for the proof.
3. The fundamental sequence and unramified cohomology. Let k be a field equipped with a discrete valuation v, with valuation ring O v and residue field k (v) . Fix a prime p = char k (v) . Given a smooth geometrically integral affine curve C over k, we letĈ denote the smooth geometrically integral complete curve over k that contains C as an open subset. We will assume there exist models C ⊂Ĉ of these curves over O v such that the associated reductions C (v) ⊂Ĉ (v) are smooth, geometrically integral and satisfy
Then the specialization map defines an isomorphism of the maximal pro-p quotients of the fundamental groups:
(with a compatible choice of base points) -see [44, Ch. XIII]. As in our previous discussion, letṽ be the extension of v to K = k(C) defined by C. We say that an element of H ℓ (C, µ ⊗d n ) is unramified at v if its image in H ℓ (K, µ ⊗d n ) is unramified atṽ in the usual sense. Now, set
Considering the fundamental sequences (5) for d = 2, ℓ = 3 and n = p m (m 1) and taking their direct limit, we obtain a map
Similarly, we obtain a map
The isomorphism (11) enables us to identify
), which in turn, according to (6) , can be identified with the twist M (p)(−1). In the sequel (particularly, in the proof of Proposition 5.8), we will routinely identify M (v) (p) with M (p)(−1). Furthermore, in view of the isomorphism (11), the inertia group of v acts trivially on M m (p), hence on on M (p). We thus have the residue map
(obtained by taking the direct limit of the residue maps for all M m (p)). Our goal in this subsection is to prove that ω
2,3
k (p) takes unramified classes to unramified ones. More precisely, we have the following.
Proposition 5.8. Let p be a prime = char k (v) and assume that Pic( )) is unramified at v in the sense specified above, then ω 2,3
The proof critically depends on the existence of certain analogues of residue maps with nice properties in the etale cohomology of curves. Namely, let n be an integer that is invertible in O v . Combining the localization sequence with absolute purity, one obtains the following "residue map":
.2] and [42] for the details). It should be noted that this approach in fact enables one to recover the usual residue maps in Galois cohomology, at least up to sign (cf. [24] ). We need the following properties of these maps.
Theorem 5.9. ([42])
For every ℓ ≥ 2, we have commutative diagrams
where ε C and ε C (v) are edge maps coming from the Bloch-Ogus spectral sequence, and the maps ∂ ℓ−1 v and δ ℓ v coincide up to sign with the usual residue maps in Galois cohomology.
Proof of Proposition 5.8. Taking the direct limits of diagrams (I) and (II) above, we obtain the following commutative diagrams
, (here we use the identification of M (v) (p) with M (p)(−1) mentioned earlier) and
.
Since C (v) is smooth (so that Br(C (v) ) injects into Br(k (v) (C (v) )), Lemma 5.4 and our assumption that
On the other hand, using the commutativity of (13), we obtain
). So, we conclude that ρ v (p)(x) = 0. The commutativity of (12) then implies
The unramified cohomology of M (p)
. Let now k be a number field and V ⊂ V k f be a cofinite set of (finite) places that does not contain any places lying above p and such that C has good reduction at all v ∈ V . Then, as we discussed above, for every v ∈ V one has the residue map
We then define the (second) unramified cohomology of M (p) by
The following proposition is crucial for the proof of Theorem 5.1.
We begin with the following elementary statement.
Lemma 5.11. Let T be a torus over an arbitrary field k and p be a prime = char k. Then (1) for any i ≥ 2, the natural map
for any i 1 gives rise to the following exact sequence
On the other hand, the quotient T (k)/T (p) is a uniquely p-divisible group, implying that
and our claim for i 2 follows. To consider the case i = 1, we need to show that the cokernel of the map
, and assertion (2) follows.
We will now describe the structure of M (p). Let C be the smooth projective curve over k that contains C as an open subset. We then have the following localization sequence (cf. [23] , p. 126):
Let us recall that given a finite collection ℓ 1 , . . . , ℓ d of finite separable extensions of an arbitrary field k, the k-torus
where N is the product of the norm maps N ℓ i /k for the extensions ℓ i /k, i = 1, . . . , d, is called the multi-norm torus associated with ℓ 1 , . . . , ℓ d . Henceforth, we will assume that for each x ∈ C \ C, the residue field k(x) is a separable extension of k, which of course is automatically true if k is perfect (recall that in Theorem 5.1, k is a number field). Then (14) gives rise to the following exact sequence of Galois modules
with T being the multi-norm torus associated with the field extensions k(x)/k for x ∈ C \ C.
Let T be a torus over a field K which is complete with respect to a discrete valuation v. We call an element x ∈ H i (K, T ) unramified if it lies in the image of the inflation map
where K ur is the maximal unramified extension of K with the valuation ring O(K ur ), and T (O(K ur )) is the (unique) maximal bounded subgroup of T (K ur ). It follows from [18, Ch. II, §7] that for a finite unramified Gal(K/K)-module M whose order is prime to the residue characteristic char K (v) , an element x ∈ H i (K, M) is unramified as defined above if and only if it lies in the image of the inflation map
takes unramified classes to unramified ones. In addition, if the splitting field of T is unramified over K, then any finite subgroup M ⊂ T (K) of order prime to char K (v) is automatically contained in T (O(K ur )). More generally, for a torsion Galois submodule M of T (O(K ur )) that does not contain elements of order divisible by the residue characteristic, an element x ∈ H i (K, M) is unramified if it comes from an unramified element in H i (K, M ′ ) for some finite Galois submodule M ′ of M. Now, if T is a torus defined over an arbitrary field k with a discrete valuation v, then x ∈ H i (k, T ) is defined to be unramified at v if its image in H i (k v , T ) is unramified as defined above. Furthermore, for a set V of discrete valuations of k, we let H i (k, T ) V denote the subgroup of H i (k, T ) consisting of elements that are unramified at all v ∈ V . We will use these remarks to prove the following.
Lemma 5.12. Let k be a number field, let ℓ 1 , . . . , ℓ d be finite extensions of k, and let T be the multinorm torus associated with these extensions. Suppose p is a prime and let V ⊂ V k f be a cofinite set of places such that char k (v) is prime to p for all v ∈ V . Then for any m 1, the group p m H 2 (k, T (p)) V is finite.
Proof. By shrinking V if necessary, we may assume that the extensions ℓ 1 , . . . , ℓ d are unramified at all v ∈ V . Then it follows from the above discussion that the map H 2 (k, T (p)) → H 2 (k, T ) takes unramified classes at v ∈ V to unramified ones. Besides, according to Lemma 5.11, this map is injective. So, it is enough to show that for any n 1, the group n H 2 (k, T ) V is finite. We have an exact sequence of k-tori
Since H 1 (k, G m ) = 1 by Hilbert's 90, the cohomological sequence associated with (16) shows that the natural map
So, it is enough to establish the finiteness of is finite. Clearly, Ω ⊂ p m H 2 (k, M (p)). Now, since the residue field k (v) is finite and the curve C is affine, we have Pic C (v) ⊗ Z Q p /Z p = 0 (Corollary 5.5). So, applying Proposition 5.8, we obtain that Ω is contained in H 2 (k, M (p)) V , and therefore in fact Ω ⊂ p m H 2 (k, M (p)) V . Since the latter is finite by Proposition 5.10, the required fact follows.
Proof of Theorem 1.4
The proof relies on the following result.
Theorem 6.1. ([41, Theorem 1.2(a) ]) Let C be a smooth geometrically integral curve over a field k, let V 0 be the set of places of K = k(C) associated with the closed points of C, and m 1 be an integer prime to char k. If k satisfies condition (F ′ m ) (see §1), then for any i 1 and any j, the unramified cohomology groups
We refer the reader to [41] for a proof of this theorem as well as for a discussion of properties and examples of fields satisfying condition (F ′ m ). Here we only mention that the proof of Theorem 6.1 uses the following statement, which is of independent interest and which we will also need in the proof of Theorem 1.4. Proposition 6.2. Let K be a field and let m 1 be an integer prime to char K. Assume that K satisfies (F ′ m ). Then for any finite Galois module A over K such that mA = 0, the groups H i (K, A) are finite for all i 0.
Proof of Theorem 1.4. We need to check the conditions of Theorem 2.1 for V = V 0 . Condition (2) immediately follows from Theorem 6.1. To verify (1), we first observe that our definition implies that Pic(V 0 ) = Pic C. Then we consider the Kummer sequence
and the following fragment of the associated long exact sequence in etale cohomology
Since
, we obtain an embedding
Then, since the group H 2 (C ⊗ kk , µ 2 ) is finite and of exponent 2 (see [2, Exposé XVI, Théorème 5.2]), the finiteness of H 2 (C, µ 2 ) follows easily from Proposition 6.2 (with condition (F ′ 2 )) and the Hochschild-Serre spectral sequence
Alternatively, note that we may assume that C is affine, in which case the fundamental sequence yields (5) the following exact sequence
The extreme terms are finite in view of condition (F ′ 2 ) and Proposition 6.2, so the middle term is also finite, as required.
We expect a suitable analogue of Theorem 1.4 to be valid for all types, and would like to propose the following. Conjecture 6.3. Let k be a field of type (F), let K = k(C) be the function field of a smooth affine geometrically integral curve over k, and let V 0 be the set of discrete valuations associated with the closed points of C. Given an absolutely almost simple simply connected algebraic K-group G for which char k is "good," the set of K-isomorphism classes of K-forms of G that have good reduction at all v ∈ V 0 is finite.
In fact, we expect the conclusion to be true if one only assumes that the characteristic of k is prime to the order m of the automorphism group of the root system of G and k satisfies (F ′ m ) (it is probably even enough to require condition (F ′ p ) for all primes p|m).
Special unitary groups of hermitian forms over quadratic extensions
Let K be a field of characteristic = 2, and let L/K be a quadratic field extension with nontrivial automorphism τ . A choice of a basis of L over K enables us to identify L with K 2 . Then for any n 1 the space L n gets identified with K 2n , and under this identification to any τ -hermitian form h on L n there naturally corresponds a quadratic form q = q h on K 2n given by q h (x) = h(x) for x ∈ K 2n = L n . Recall that if s(x, y) is the sesqui-linear form on L n × L n that gives h (i.e. h(x) = s(x, x)) then the bilinear form b on K 2n × K 2n associated with q h is given by
The following result, attributed in [19, §2.9 ] to Jacobson, is well-known and easy to prove: two ndimensional hermitian forms h 1 and h 2 are equivalent if and only if the corresponding 2n-dimensional quadratic forms q h 1 and q h 2 are equivalent. In terms of Galois cohomology, this means that the natural map
is injective. On the other hand, it is well-known that the map
is also injective (the proof repeats verbatim the argument for the injectivity of the map
cf. [3, proof of Corollary IV.11.3] or [28, 29 .E]). It follows that the map
is injective (in fact, it remains injective also over any extension of K). In this section, we will use these facts to prove the analogues of Theorems 1.1-1.4 for the special unitary groups SU n (L/K, h) of nondegenerate n-dimensional hermitian forms (n 2).
First, let G = SU n (L/K, h) in the above notations, and let v be a discrete valuation of K. There are two cases.
In this case G is K v -isomorphic to SL n , hence has good reduction at v. At the same time, the corresponding quadratic form q h becomes hyperbolic over
. Then G has good reduction at v if and only if L v /K v is unramified at v and there exists λ ∈ K × v such that the hermitian L v /K v -form λh is equivalent to a hermitian form given by
Thus, in all cases the fact that G has a good reduction at v implies that there exists λ ∈ K × v such that [λq h ] ∈ W 0 (K v ), or equivalently the group H = Spin 2n (q h ) has a good reduction at v. It is now easy to derive a unitary analog of Theorem 1.1.
Theorem 7.1. Let K = k(C) be the function field of a smooth geometrically integral curve C over a number field k, and let V be the set of places of K as in Theorem 1.1. Let L/K be a quadratic extension and n 2. Then the number of K-isomorphism classes of special unitary groups G = SU n (L/K, h) of nondegenerate hermitian L/K-forms in n variables that have good reduction at all v ∈ V is finite.
Indeed, let G i = SU n (L/K, h i ) (i ∈ I) be an infinite family of pairwise nonisomorphic special unitary groups associated with the quadratic extension L/K such that each G i has a good reduction at every v ∈ V . Then H i = Spin 2n (q h i ) (i ∈ I) is a family of spinor groups each having good reduction at all v ∈ V . Applying Theorem 1.1, we conclude that the groups H i and H j are K-isomorphic for some i, j ∈ I, i = j. Then for some λ ∈ K × the quadratic forms q h i and λq h j are equivalent. It now follows from Jacobson's theorem that the hermitian forms h i and λh j are equivalent hence the groups G i and G j are isomorphic, a contradiction.
Remark 7.2. It follows, for example, from Proposition 5.1 in [8] that K has only finitely many quadratic extensions L/K that are unramified at all v ∈ V (note that this conclusion remains valid for any finitely generated field K and its divisorial set of places V ). So, in effect Theorem 7.1 yields the finiteness of the set of K-isomorphic classes of the special unitary groups with good reduction at all v ∈ V of n-dimensional nondegenerate hermitian forms associated with arbitrary quadratic extensions L/K.
Turning now to the genus of
. This is clear for n = 2, so we assume that n 3. The group G possesses a maximal K-torus T of the form R L/K (G m ) n−1 , so the group G ′ also has such a maximal K-torus. Note that the nontrivial automorphism τ ∈ Gal(L/K) acts on the character group X(T ) as multiplication by (−1), and since −id is not in the Weyl group of the root system of type A n−1 (n 3), we see that G ′ is an outer form of the split group of this type and L is the minimal extension of K over which it becomes an inner form. Furthermore, since G ′ splits over L, it cannot involve any noncommutative division L-algebra in its description, and therefore it must be of the form SU n (L/K, h ′ ) (cf. [35, 2.3] ). Now, arguing as in the proof of Theorem 1.2 (cf. §4.4) on the basis of Theorem 7.1, we obtain the following statement which is even more complete (in the sense that it has no exceptions) than Theorem 1.2. Theorem 7.3. Let K = k(C) be the function field of a smooth geometrically integral curve C over a number field k, and let L/K be a quadratic extension. If G = SU n (L/K, h), where h is a hermitian form associated with L/K of dimension n 2, then the genus gen K (G) is finite.
Next, we have the following cohomological statement which is analogous to Theorem 1.3. 
Indeed, let H = SO 2n (q h ). Then we have the following commutative diagram
According to Theorem 1.3, the map δ is proper. On the other hand, as we pointed out earlier in this section, the map β is injective, and the properness of α follows.
Finally, we have the following result for special unitary groups over function fields of curves over fields satisfying (F ′ 2 ), which is analogous to Theorem 1.4 and which is actually derived from it just like Theorem 7.1 was derived from Theorem 1.1.
Theorem 7.5. Let C be a smooth geometrically integral curve over a field k of characteristic = 2 that satisfies condition (F ′ 2 ), and let K = k(C). Denote by V the set of discrete valuations of K corresponding to the closed points of C. Let L/K be a quadratic extension. Then the number of K-isomorphism classes of special unitary groups G = SU n (L/K, h) of nondegenerate hermitian L/Kforms h in n 2 variables that have good reduction at all v ∈ V is finite. Proof. Again, (i) follows from the discussion preceding the statement of Theorem 8.1 and Theorem 6.1. Then (ii) follows from (i) and Remark 4.9. (As in the proof of Theorem 8.1, one can alternatively use the injectivity of λ K in conjunction with the fact that the homomorphism
has finite kernel which is a consequence of the finiteness of
We now turn to a result that provides information about the genus of a group of type G 2 over the fields of rational functions over global fields.
. . , x r ) the field of rational functions in r variables over a global field k of characteristic = 2, and let G be a simple K-group of type G 2 .
(i) If r = 1, then the genus gen K (G) reduces to a single element.
(ii) The genus gen K (G) is finite for any r.
The proof requires more detailed information about the "residues" of groups of type G 2 at places of bad reduction. So, let K be a field with a discrete valuation v such that the residue field K = K (v) is of characteristic = 2, and let
be the corresponding residue map. It is well-known (cf. [20, § §7.1 and 7.5]) that any "decomposable" element χ a ∪ χ b ∪ χ c , where a, b, c ∈ K × (and by the Bloch-Kato conjecture such elements generate
and v(c ′ ) = 0 or 1, and that on elements of this form the residue map is given by:
whereā,b are the images of a, b in K × . We define the quaternion algebra corresponding to the residue of such an element to be the matrix algebra M 2 (K) in the first case and the standard quaternion algebra ā,b K in the second. We will assume henceforth that K is finitely generated.
Lemma 8.4. Given ξ 1 , ξ 2 ∈ H 1 (K, G 0 ), we denote by G i = ξ i G 0 the corresponding group and set D i to be the quaternion algebra over K corresponding to the residue ∂ v (λ K (ξ i )) for i = 1, 2. If G 1 and G 2 have the same isomorphism classes of maximal K-tori, then D 1 and D 2 have the same isomorphism classes of maximal etale K-subalgebras. Let L be the unramified extension of K v with the residue field L. We have If ξ 1 , ξ 2 ∈ H 1 (K, G 0 ) are such that the corresponding groups G i = ξ i G 0 for i = 1, 2 have the same isomorphism classes of maximal K-tori, then ∂ v (λ K (ξ 1 )) = ∂ v (λ K (ξ 2 )).
Proof of Theorem 8.3(i). We will prove a more general result. To formulate it, in addition to property ( * ) of a field K from Corollary 8.5, we need to introduce the following property of a field k:
( * * ) If G 1 and G 2 are two k-groups of type G 2 having the same maximal tori, then
Theorem 8.6. Assume that a field k of characteristic = 2 satisfies ( * * ) and that any finite extension ℓ of k satisfies ( * ). Then the field of rational functions K = k(x) satisfies ( * * ).
We note that the mere fact that k satisfies ( * ) implies that K = k(x) also satisfies ( * ) -see [40, Theorem A] . Furthermore, it is well-known that global fields satisfy both conditions ( * ) (cf. [6, 3.6] ) and ( * * ) (cf. [37, Theorem 7.5]), so Theorem 8.6 immediately yields the assertion of Theorem 8.3(i).
To prove Theorem 8.6, we let V denote the set of all places of K = k(x) that are trivial on k (these of course correspond to the closed points of P 1 k ). It follows from the above remarks that we may assume the field k to be infinite. Now, let G ′ ∈ gen K (G), and let ξ, ξ ′ ∈ H 1 (K, G 0 ) be the corresponding cocycles (so that G = ξ G 0 and G ′ = ξ ′ G 0 ). For any v ∈ V , since the residue field K (v) is a finite extension of k, hence satisfies ( * ) by our assumption, we conclude from Corollary 8.5 that
Thus,
But according to Faddeev's sequence (cf. [18, Ch. III, §9], [20, 6.9] ), the natural (inflation) map ι : H 3 (k, µ 2 ) → H 3 (K, µ 2 ) identifies H 3 (k, µ 2 ) with the unramified group H 3 (K, µ 2 ) V . Then in terms of this identification ζ in (19) belongs to H 3 (k, µ 2 ). We would like to show that actually ζ = 1, which will imply that G ′ ≃ G.
Since k is infinite, we can pick v ∈ V so that K (v) = k and G and G ′ have smooth reductions G (v) and G ′ (v) at v. We have the natural map
(defined on the v-unramified part) such that ǫ v • ι = id. Clearly, the images under λ k of the cocycles that correspond to G (v) and G ′ (v) coincide with ǫ v (λ K (ξ)) and ǫ v (λ K (ξ ′ )), respectively. Now, by the last assertion of Theorem 4.3, the groups G (v) and G ′ (v) have the same isomorphism classes of maximal k-tori, so since k is assumed to satisfy ( * * ), we conclude that
. This means that
Applying ǫ v to (19) and comparing the result with (20), we obtain that ǫ v (ζ) = 1, and consequently ζ = 1, as required.
Proof of Theorem 8.3(ii). We view K as the field of rational functions on P r k , and let V be the set of discrete valuations on K associated with the prime divisors. Pick a finite subset V 0 = {v 1 , . . . , v d } of V so that G has a good reduction at all v ∈ V \ V 0 . For each i = 1, . . . , d, we let D i denote the quaternion algebra over the residue field K i = K (v i ) that corresponds to the residue ∂ v i (λ K (ξ)), where ξ ∈ H 1 (K, G 0 ) is such that G = ξ G 0 . Given any other K-group G ′ of type G 2 , we set ξ ′ = ξ(G ′ ) to be the cohomology class in H 1 (K, G 0 ) such that G ′ = ξ ′ G 0 , and for i = 1, . . . [7] , [8] for the details. Since each genus gen K i (D i ) is finite [7] , in order to prove that gen K (G) is finite, it suffices to show that each fiber ρ −1 (ρ(G ′ )) for G ′ ∈ gen K (G) is finite. For this we note that Theorem 4.3 implies that for any G ′ ∈ gen K (G) and any v ∈ V \ V 0 , the residue ∂ v (λ K (G ′ )) is trivial. Consequently, for any G ′ ∈ gen K (G), any G ′′ ∈ ρ −1 (ρ(G ′ )), and corresponding cocycles ξ ′ , ξ ′′ , we have
But from Faddeev's sequence, we again see that in our situation H 3 (K, µ 2 ) V = H 3 (k, µ 2 ) (cf. [18, Theorem 10.1]). Since k is a global field, the latter group is finite by Poitou-Tate, so, from the injectivity of λ K , we obtain the finiteness of the fibers ρ −1 (ρ(G ′ )) for G ′ ∈ gen K (G), and hence the finiteness of gen K (G).
